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Abstract
In this paper we give a description of all eight-dimensional simply connected nilpotent Lie
groups carrying a left invariant hypercomplex structure.
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Let N be a simply connected nilpotent Lie group of dimension 8 and Lie algebra
n, endowed with an invariant hypercomplex structure, that is, a pair of left invari-
ant anticommuting complex structures {Ji}i=1;2. Then n inherits what we will call a
hypercomplex structure on n.
In [8] Salamon classi<es the complex structures on 6-dimensional nilpotent Lie alge-
bras. In [4] we begin the study of the analogous problem for 8-dimensional hypercom-
plex Lie algebras, restricting ourselves to the special class of those carrying an abelian
hypercomplex structure, i.e. one has [JiX; JiY ] = [X; Y ] for any X; Y ∈ n, i = 1; 2. It is
proved in [4] that any such Lie algebra is a central extension of a Heisenberg type
algebra. The purpose of the present paper is to complete this study, giving a full de-
scription of all 8-dimensional nilpotent Lie algebras carrying a hypercomplex structure,
not necessarily abelian. We note that there is no classi<cation of real nilpotent Lie
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algebras of dimension 8. By imposing the condition of existence of a hypercomplex
structure, strong restrictions appear. We shall prove that such a Lie algebra is 2-step
nilpotent (see Theorem 2.2) and its <rst Betti number satis<es b1(n)¿ 4 (see Corol-
lary 1.2); recall that b1(n) = dim n=[n; n]. To determine the Lie algebras, we study
the diFerent possibilities for n, depending on the value of b1(n). In the case when
b1(n) = 6; 7, the hypercomplex structure is necessarily abelian ([2], Proposition 4.1)
and the classi<cation of the corresponding algebras was given in [4]. If b1(n) = 4; 5,
the study is much more involved. A complete description of the algebras is given in
Section 3.
1. Preliminaries
1.1. Let N be a real Lie group and let n be the Lie algebra of N , i.e. the space of
left invariant vector <elds on N . If n∗ is the dual of n, we identify 	k(n∗), the space
of exterior k-forms on n, with the space of left invariant k-forms on N and we let
d :	k(n∗)→ 	k+1(n∗) denote exterior diFerentiation.
If m is a vector subspace of n, we will denote by (n=m)∗ the subspace of elements of
n∗ vanishing on m. Similarly, 	2(n=m)∗ will stand for the subspace of exterior 2-forms
! on n such that iX (!) = 0 for all X ∈m, where iX!(Y ) = !(X; Y ) for X; Y ∈ n.
The descending central series of a Lie algebra n is the chain of ideals de<ned
inductively by n0 = n and
ni = [ni−1; n]; i¿ 1:
A Lie group N is nilpotent if its Lie algebra n is nilpotent, that is, nk = 0 for some
k¿ 1. One says that n is k-step nilpotent if nk =0 and nk−1 = 0. In terms of its dual,
we can say that n is nilpotent if (n=nk)∗ = n∗ for some k¿ 1.
The descending central series ni of n induces an ascending series (n=ni)∗ of subspaces
of n∗. Moreover ∈ (n=ni)∗ if and only if d∈	2(n=ni−1)∗. One can rephrase the
nilpotent condition in terms of exterior diFerentiation as in [8]. For i¿ 0, let Vi be
the subspace of n∗ de<ned inductively by V0 = {0} and
Vi = {∈ n∗: d∈	2Vi−1}: (1)
Then Vi is the annihilator of ni and N is nilpotent if Vk = n∗ for some k¿ 1; n is
k-step if and only if one has Vk = n∗, Vk−1 = n∗.
In a nilpotent Lie algebra the center z of n is nontrivial and adX is a nilpotent
endomorphism of n for all X ∈ n (adX Y =[X; Y ], for X; Y ∈ n). The center of n can be
characterized in terms of left invariant one forms by the condition X ∈ z if and only if
iX d= 0 for all ∈ n∗.
We recall that H 1(n;R) ∼= n=[n; n], hence
b1(n) := dimH 1(n;R) = dim V1:
Furthermore, by a theorem of Nomizu [7], b1(n) equals the <rst Betti number of the
nilmanifold  \ N for any discrete cocompact subgroup  of N .
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1.2. If N is a real Lie group of dimension m = 2n, an invariant almost complex
structure J on N is an endomorphism of n, satisfying J 2 =−I . The endomorphism J
extends to the complexi<cation nC = n⊕ in and gives a splitting
nC = n1;0 ⊕ n0;1;
where
n1;0 = {X − iJX : X ∈ n} and n0;1 = {X + iJX : X ∈ n}:
Similarly, the induced J on n∗, J=−J induces a splitting
n∗C = 	1;0n∗ ⊕ 	0;1n∗;
where
	1;0n∗ = {X ∗ + iJX ∗: X ∗ ∈ n∗} and 	0;1n∗ = {X ∗ − iJX ∗: X ∗ ∈ n∗}:
If  denotes complex conjugation on n or n∗, then it follows that
n0;1 = (n1;0) and 	0;1n∗ = (	1;0n∗):
Furthermore, the invariant almost complex structure is integrable, that is, it gives com-
plex coordinates on N , if n1;0 is a complex subalgebra of nC or, equivalently, if the
Nijenhuis tensor
N (X; Y ) = J ([X; Y ]− [JX; JY ])− ([JX; Y ] + [X; JY ]) (2)
vanishes identically, for any X; Y ∈ n. Note that the complex structure makes N into
a complex Lie group if and only if the endomorphism J of n satis<es the stronger
condition
J [X; Y ] = [X; JY ]: (3)
In terms of diFerential forms, (2) and (3) are, respectively, equivalent to
d(	1;0n∗) ⊂ 	2;0n∗ ⊕ 	1;1n∗;
d(	1;0n∗) ⊂ 	2;0n∗:
Invariant almost complex structures on N which are integrable will be called invariant
complex structures on N , or complex structures on n. If J is invariant then left trans-
lations on N are holomorphic maps. When N is a complex Lie group, that is, J on n
satis<es (3), then left and right translations are holomorphic.
A special class of structures appears when we require that the subalgebra n1;0 is
abelian. We will refer to them as abelian complex structures. Such complex structures
J are characterized by the condition [X; Y ] = [JX; JY ], for X; Y ∈ n or equivalently, in
terms of forms, by d	1;0n∗ ⊂ 	1;1n∗. We note that abelian complex structures preserve
the center z of n.
In [8] Salamon shows that given an invariant complex structure on a nilpotent Lie
group N one can de<ne a special basis of left invariant (1; 0)-forms. It turns out
furthermore that if the complex structure makes N into a complex Lie group, the
above basis consists of holomorphic forms.
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Theorem 1.1 (Salamon [8]). N admits an invariant complex structure if and only if
n∗C has a basis of 1-forms 1; : : : ; n; L1; : : : ; Ln such that di+1 ∈ I(1; : : : ; i). Here
I(1; : : : ; i) stands for the ideal generated by the 1-forms 1; : : : ; i and L1; : : : ; Lr
denote the -conjugate 1-forms.
It follows in particular that there exists always a closed (1; 0)-form on N , or equiv-
alently, if J is an integrable complex structure on n, then the inclusion
n1 + Jn1 ⊂ n
is proper. This assertion follows from the fact that  + iJ closed if and only if
∈ (n=n1 + Jn1)∗.
To <nd the components in 	2(n∗C) of elements in 	2n∗ the following relations will
be useful. Let e1; e2; e3; e4 be linearly independent real 1-forms and let 1=e1+ie2; 2=
e3 + ie4. Then
e1 ∧ e2 = i2 1 ∧ L1;
e3 ∧ e4 = i2 2 ∧ L2;
e1 ∧ e3 = 14 (1 ∧ 2 + 1 ∧ L2 + L1 ∧ 2 + L1 ∧ L2);
e1 ∧ e4 =− i4 (1 ∧ 2 − 1 ∧ L2 + L1 ∧ 2 − L1 ∧ L2);
e2 ∧ e3 =− i4 (1 ∧ 2 + 1 ∧ L2 − L1 ∧ 2 − L1 ∧ L2);
e2 ∧ e4 = 14 (−1 ∧ 2 + 1 ∧ L2 + L1 ∧ 2 − L1 ∧ L2): (4)
In a nilpotent Lie algebra, one has span{X } ∩ Im(adX ) = 0 for any X = 0 in n. The
existence of a complex structure on n gives the following
Lemma 1.1. If J is a complex structure on n, then
span{Z; JZ} ∩ Im(adJZ) = {0};
for any Z ∈ z, Z = 0.
Proof. Since J is integrable and Z ∈ z we have that
J [JZ; X ] = [JZ; JX ];
for any X ∈ n. Assume that
aZ + bJZ = [JZ; X ]
with b = 0 (otherwise, one may consider [JZ; JX ]) and X ∈ n. Then we have
a
b
Z + JZ =
[
JZ;
X
b
]
=
[
a
b
Z + JZ;
X
b
]
;
which cannot be the case in a nilpotent Lie algebra. The lemma thus follows.
1.3. If N has dimension m=4n, an invariant hypercomplex structure on N , or equiv-
alently a hypercomplex structure on n, is a pair of invariant anticommuting complex
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structures J1; J2 on N . Given a hypercomplex structure {J1; J2} and a; b; c∈R with
a2 + b2 + c2 = 1, then J(a;b;c) = aJ1 + bJ2 + cJ3 is an invariant complex structure on N ,
where J3 = J1J2. Note that according to Theorem 1.1 there exists, a closed (1; 0)-form
with respect to J(a;b;c) or equivalently, one has a proper inclusion
n1 + J(a;b;c)n1 ⊂ n:
Of importance, in the presence of a hypercomplex structure, is the existence of closed
1-forms  such that Ji are also closed, i=1; 2; 3. When such forms exist the inclusion
n1Q = n
1 + J1n1 + J2n1 + J3n1 ⊂ n (5)
is proper since ∈ (n=n1Q)∗. Conversely, any 1-form ∈ (n=n1Q)∗ has the property d=
d(Ji) = 0, i = 1; 2; 3:
The hypercomplex structure will be called abelian if J1; J2 are so. Abelian hyper-
complex structures were previously considered in [2,4]. They have the property that
the inclusion
niQ = n
i + J1ni + J2ni + J3ni ⊂ ni−1 + J1ni−1 + J2ni−1 + J3ni−1 = ni−1Q
is proper. Indeed, suppose it is not. Let X ∈ ni−1Q and write X =X1+J1X2+J2X3+J3X4,
Xi ∈ ni. If Y ∈ n, then
[X; Y ] = [X1; Y ] + [J1X2; Y ] + [J2X3; Y ] + [J3X4; Y ]
and since Jl (l= 1; 2; 3) is abelian, then
[JlXl+1; Y ] =−[Xl+1; JlY ]∈ ni+1; l= 1; 2; 3;
showing that ni ⊆ ni+1, a contradiction. In particular this says that a nilpotent Lie
group N admitting an abelian hypercomplex structure has always a closed 1-form 
such that Ji, i = 1; 2; 3, is also closed, thus b1(n)¿ 4.
The following theorem will show that for an arbitrary invariant hypercomplex struc-
ture one has that b1(n)¿ 3. We will make use of the characterization of nilpotent Lie
algebras given in (1).
Theorem 1.2. If a nilpotent Lie group N admits an invariant hypercomplex structure
{J1; J2}, then
(i) b1(n)¿ 3.
(ii) If b1(n)=3 or b1(n)=4, then there exists a closed 1-form  such that d(J1)=
d(J2) = 0.
(iii) If b1(n) = 3 and  is as in (ii) then J3 ∈ V2. If b1(n) = 4 and  is as in (ii)
then, either J3 is closed, or J3 ∈ V2.
Proof. It follows from Theorem 1.1 that there exist closed left invariant 1-forms ; ; 
such that J1; J2 and J3 are closed. Set V = span{; J1}, V = span{; J2} and
V = span{; J3}. Since the dimension of V ∩V is 0 or 1, V +V has dimension at
least 3, showing that b1(n)¿ 3, as claimed in (i).
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If b1(n) = 3, the dimension of V ∩ V must be equal to 1 and  in V ∩ V has the
property that d(J1)=d(J2)=0. If b1(n)=4 and, either V∩V = 0 or V∩V = 0 or
V∩V = 0, then we may argue as before. If b1(n)=4 and V∩V=V∩V=V∩V=0,
then the subspace of closed left invariant 1-forms V1 (see (1)) coincides with V+V.
Set
W = span{; J1; J2; J3}; W = span{; J1; J2; J3}:
We have that W∩W = 0 since J3() is a non trivial closed form in (V+V)∩J3(V+
V). In particular, W=W since W;W are both J1 and J2-invariant. If =a+bJ1+
cJ2+ eJ3 with = cJ2+ eJ3 = 0 (otherwise ∈V) then d=d(cJ2+ eJ3)= 0.
Finally = cJ2+ eJ3 is a closed left invariant 1-form such that d(J2) = d(J3) = 0
and changing  by J2, (ii) follows.
To prove (iii) assume b1(n) = 3 and let e1; e2 = J1e1; e3 = J2e1 be closed 1-forms
(these forms exist by (ii)) and let e4 = J3e1. If e4 ∈V2 we may write
de4 = a1e1 ∧ e2 + a2e1 ∧ e3 + a3e2 ∧ e3:
Consider the linearly independent (1; 0)-forms with respect to the J1 structure
!11 = e
1 + ie2; !21 = e
3 + ie4;
and write, using (4), de4 as a linear combination
a1 i2 !
1
1 ∧ L!11 + a2 14 (!11 ∧ !21 + !11 ∧ L!21 + L!11 ∧ !21 + L!11 ∧ L!21)
− a3 i4 (!11 ∧ !21 + !11 ∧ L!21 − L!11 ∧ !21 − L!11 ∧ L!21):
By integrability of J1,
a2
4
L!11 ∧ L!21 +
ia3
4
L!11 ∧ L!21 = 0
giving a2 = a3 = 0 and hence de4 = a1e1 ∧ e2.
Repeating this argument in the case of the (1; 0)-forms with respect to the J2 structure
!12 = e
1 + ie3; !22 = e
2 − ie4;
we obtain de4=a2e1∧e3 and hence e4 is closed contradicting the assumption b1(n)=3.
Assume next b1(n)=4 and consider as before the closed 1-forms e1; e2=J1e1; e3=J2e1
and let e4=J3e1. If de4=0 (iii) follows. If not, let e5 be a 1-form linearly independent
with e1; e2; e3 and such that de5 = 0: Then e4 is linearly independent with e1; e2; e3; e5
(otherwise de4 = 0). Consider the linearly independent (1; 0)-forms with respect to the
J1 structure
!11 = e
1 + ie2; !21 = e
3 + ie4; !31 = e
5 + ie6;
and write, under the assumption that e4 ∈V2.
de4 = a1e1 ∧ e2 + a2e1 ∧ e3 + +a3e1 ∧ e5 + a4e2 ∧ e3 + a5e2 ∧ e5 + a6e3 ∧ e5
Using (4) one computes the coeMcients of !11∧!21, !11∧!31 and !21∧!31. By integrability
of J1 it follows that (−i) d!21 = de4 has no (0; 2)-component, hence a2 + ia4 = 0,
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a3 + ia5 = 0 and a6 = 0. Using the integrability of J2 and the linearly independent
(1; 0)-forms with respect to the J2 structure
!12 = e
1 + ie3; !22 = e
2 − ie4; !32 = e5 + ie7;
one concludes that de4 = 0, a contradiction. Thus the theorem follows.
As a consequence of Theorem 1.2 one has
Corollary 1.1. Let N be a two step nilpotent Lie group of dimension 4n with an
invariant hypercomplex structure {J1; J2}. Then b1(n)¿ 4 and if b1(n) = 4 there
exists a closed 1-form  such that d(Ji) = 0, i = 1; 2; 3.
Proof. Since N is two step nilpotent every 1-form belongs to V2, thus b1(n)¿ 4, by
(iii) of Theorem 1.2. Assume b1(n)=4 and let e1; e2=J1e1; e3=J2e1 be closed 1-forms
(these forms exist by (ii) of Theorem 1.2), e4 = J3e1. Since N is two step nilpotent,
by (iii) of Theorem 1.2, one has that e4 is closed as asserted.
If Z ∈ z and {J1; J2} is a hypercomplex structure, we set
WZ = span{Z; J1Z; J2Z; J3Z}:
Now Lemma 1.1 implies.
Proposition 1.1. If [WZ;WZ ] = 0; then the vectors
Z; [J1Z; J2Z]; [J1Z; J3Z]; [J2Z; J3Z]
are linearly independent in n.
Proof. Observe that the integrability of J1 and J2 give [J1Z; J3Z] = J1[J1Z; J2Z] and
[J2Z; J3Z]=J2[J1Z; J2Z]. Then either [J1Z; J2Z]=0 hence [WZ;WZ ]=0, or [J1Z; J2Z] =
0. In the last case we will show that
x1Z + x2[J1Z; J2Z] + x3[J1Z; J3Z] + x4[J2Z; J3Z] = 0;
implies xi=0, for any i=1; : : : ; 4. Clearly x1 =0 implies xi=0, i=2; 3; 4 by the above
observation. Assume x1 = 0. Then, if yi =−xi=x1, i = 2; 3; 4 and y3 = 0, we have
Z = y2[J1Z; J2Z] + y3[J1Z; J3Z] + y4[J2Z; J3Z]
= [J1Z; y2J2Z + y3J3Z] + y4[J2Z; J3Z]
= [J1Z +
y4
y3
J2Z; y2J2Z + y3J3Z] = [(aJ1 + bJ2)Z; Y ]
for some Y ∈ n and a; b with a2 + b2 = 1. If y3 = 0 we have
Z = [J2Z; y4J3Z − y2J1Z]
contradicting, in both cases, Lemma 1.1. Thus x1 = 0 and the proposition follows.
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2. Hypercomplex structures on nilpotent Lie algebras of dimension 8
We start the section by noticing that if dim n = 4 the only hypercomplex nilpotent
Lie algebra is R4. This assertion is implicit in the classi<cation in [1] and also follows
from Proposition 4.1 in [2]. On the other hand, it will be useful to show this in an
alternative way, using diFerential forms. Indeed, by Theorem 1.2, one needs only verify
that a hypercomplex structure cannot exist in a four-dimensional nilpotent Lie algebra
with b1(n) = 3. Let
e2 = J1e1; e3 = J2e1; e4 = J3e1;
where e1; e2; e3 are closed left invariant 1-forms (see Theorem 1.2). Then
de4 = a1e1 ∧ e2 + a2e1 ∧ e3 + a3e1 ∧ e4 + a4e2 ∧ e3 + a5e2 ∧ e4 + a6e3 ∧ e4:
If
!11 = e
1 + ie2; !21 = e
3 + ie4;
is a basis of (1; 0)-forms with respect to the complex structure J1 and being e4 a real
1-form one can write
de4 = #!11 ∧ !12 + $!11 ∧ !12 + L$!11 ∧ !12 + L#!11 ∧ !12 + !11 ∧ !11 + !12 ∧ !12
with  and  pure imaginary. One observes that de4 = −id!21 is the diFerential of a
(1; 0)-form for the complex structure J1, and J1 being integrable gives L#= 0 or
de4 = (i$ − i L$)(e2 ∧ e3 − e1 ∧ e4) + ($ + L$)(e1 ∧ e3 + e2 ∧ e4)
− 2ie1 ∧ e2 − 2ie3 ∧ e4
hence a3 =−a4 and a2 = a5. Considering next
!12 = e
1 + ie3; !22 = e
2 − ie4
as a basis of (1; 0)-forms with respect to the complex structure J2, using that de4=id!22
is the diFerential of a (1; 0)-form with respect to the integrable complex structure J2
and arguing as above one obtains a1 =−a6. Hence
de4 = a1(e1 ∧ e2 − e3 ∧ e4) + a2(e1 ∧ e3 + e2 ∧ e4) + a3(e1 ∧ e4 − e2 ∧ e3):
From d2e4 = 0, one obtains a21 + a
2
2 + a
2
3 = 0, hence de
4 = 0 as claimed.
The main purpose of this section is to show that a hypercomplex 8-dimensional
nilpotent Lie algebra has b1(n)¿ 4 and is at most 2-step nilpotent. We start by recalling
that n1Q=n
1 + J1n1 + J2n1 + J3n and WZ =span{Z; J1Z; J2Z; J3Z} (see Subsection 1.3).
Lemma 2.1. Let n be a non abelian eight-dimensional nilpotent Lie algebra with a
hypercomplex structure {J1; J2} satisfying n1Q = n. Then, for any Z ∈ n1 ∩ z one has
that ker adJ1Z ∩ ker adJ2Z ⊂ ker adJ3Z . In particular, if Ji(n1 ∩ z) ⊂ z for i= 1; 2, then
J3(n1 ∩ z) ⊂ z.
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Proof. Under the hypotheses in the lemma, n1Q is 4-dimensional. If Z ∈ z ∩ n1, then
n1Q = span{Z; J1Z; J2Z; J3Z}=WZ:
Assume next that there exists Y ∈ n such that [J1Z; Y ] = [J2Z; Y ] = 0 and [J3Z; Y ] = 0
(hence [J3Z; J3Y ] = 0). We consider the following basis of n1Q:
{[J3Z; J3Y ]; J1[J3Z; J3Y ]; J2[J3Z; J3Y ]; J3[J3Z; J3Y ]}:
By the integrability of J1 one has
J1[J3Z; J3Y ] =−[J2Z; J3Y ]− [J3Z; J2Y ]∈ n1;
since [J2Z; J2Y ] = J2[J2Z; Y ] = 0. Similarly,
J2[J3Z; J3Y ] = [J1Z; J3Y ] + [J3Z; J1Y ]∈ n1;
J3[J3Z; J3Y ] = [J3Z;−Y ]∈ n1;
showing that n1Q = n
1. In particular, JiZ ∈ n1, i = 1; 2; 3, thus the above is also a basis
of n2, hence n1 = n2. This is a contradiction since n is nilpotent.
Proposition 2.1. Let n be an eight-dimensional nilpotent Lie algebra with a hyper-
complex structure {J1; J2} satisfying n1Q = n. Then, n1Q ⊂ z. In particular n is at most
2-step nilpotent.
Proof. If the inclusion n1Q ⊂ n is proper, then either n1Q = 0 or n1Q is a 4-dimensional
hypercomplex ideal of n. If n1Q = 0, then n is abelian and the proposition follows. If
n1Q is four-dimensional, it is abelian (as observed at the beginning of the section). Let
Z ∈ z ∩ n1, Z = 0. Then
n1Q = span{Z; J1Z; J2Z; J3Z}=WZ:
If we show that JiZ ∈ z, for i = 1; 2 then the proposition follows since in this case
J3Z ∈ z by Lemma 2.1 hence n1 ⊂ n1Q ⊂ z.
Assume next, without loss of generality, that adJ1Z = 0 and adJ2Z = 0 (otherwise we
may apply the previous lemma). Let v be a J1; J2 invariant subspace of n complemen-
tary to n1Q and consider the subspaces ker adJiZ |v of v, for i=1; 2. Since ker adJiZ |v is
Ji-invariant and it cannot be 0, since Z ∈ Im adJiZ (see Lemma 1.1), then there exist
Y; U ∈ v such that
ker adJ1Z |v = span{Y; J1Y}; ker adJ2Z |v = span{U; J2U}:
Note that Lemma 1.1 implies
n1Q = span{Z; J1Z; [J1Z; J2Y ]; [J1Z; J3Y ]}
= span{Z; J2Z; [J2Z; J1U ]; [J2Z; J3U ]}:
Thus, using the Jacobi identity and the fact that n1Q is abelian, we may conclude
that adX |ker adJ1Z = 0, for any X ∈ n1Q. Similarly, adX |ker adJ2Z = 0, for any X ∈ n1Q. In
particular, taking X = J2Z , X = J1Z one obtains ker adJ1Z |v =ker adJ2Z |v. This gives a
two-dimensional subspace that is invariant by J1 and J2, hence we have a contradiction.
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Lemma 2.2. If N is a nilpotent Lie group of dimension 8 endowed with an invariant
hypercomplex structure {J1; J2} and b1(n)¿ 5 then there exists a closed 1-form 
such that d(Ji) = 0, for any i = 1; 2; 3.
Proof. If b1(n) = 8 then n is abelian. If b1(n) = 6; 7, that is, dim n1 = 1 or 2 then any
hypercomplex structure is abelian (see [2]), hence the inclusion n1Q ⊂ n1 is proper and
therefore the assertion in the lemma follows (see Subsection 1.3).
Assume b1(n)=5 (or equivalently dim n1=3). If there exist two complex structures,
say Jl and Jr such that n1 ∩ Jln1 = n1 ∩ Jrn1 = 0, then the hypercomplex structure is
abelian hence n1Q = n (see 1.3) and the lemma follows. If, otherwise, there exist two
complex structures Jl and Jr , such that the intersections n1∩Jln1 = 0 and n1∩Jrn1 = 0,
then n1 + Jln1 and n1 + Jrn1 are four-dimensional subspaces. Let Wl = (n=n1 + Jln1)∗
and Wr = (n=n1 + Jln1)∗. These are four-dimensional subspaces of closed 1-forms,
invariant by Jl and Jr , respectively. Since dim(Wl ∩Wr)¿ 3, one can <nd a 1-form 
in Wl ∩Wr ∩ Jl(Wl ∩Wr) satisfying the condition in the lemma.
Theorem 2.1. Let N be a nilpotent Lie group of dimension 8 endowed with an in-
variant hypercomplex structure. Then N is 2-step nilpotent.
Proof. If b1(n)¿ 5, the theorem follows from Lemma 2.2 and Proposition 2.1.
We will thus assume that b1(n) is either 3 or 4 and n is not 2-step nilpotent. By
Theorem 1.2(ii) there exists a closed 1-form  such that d(J1)=d(J2)=0. We denote
=e1; J1=e2 and J2=e3. Let e4=J3e1. We may assume that de4 = 0 since otherwise
the theorem is a consequence of Proposition 2.1. Let e5 be linearly independent with
e1; e2; e3 and such that de5 = 0, if b1(n)= 4 and de5 = a1e1 ∧ e2 + a2e1 ∧ e3 + a8e2 ∧ e3,
with some ai = 0, i= 1; 2; 8, if b1(n) = 3. By Theorem 1.2(iii), e4 is not in V2, hence
e1; e2; e3; e4; e5 are linearly independent and one has that the set
{e1; e2; e3; e4; e5; e6 = J1e5; e7 = J2e5; e8 = J3e5}
is a basis of n∗. We choose as a basis of (1; 0)-forms with respect to J1; J2 and J3,
respectively the following
!11 = e
1 + ie2; !12 = e
3 + ie4; !13 = e
5 + ie6; !14 = e
7 + ie8;
!21 = e
1 + ie3; !22 = e
2 − ie4; !23 = e5 + ie7; !24 = e6 − ie8;
!31 = e
1 + ie4; !32 = e
2 + ie3; !33 = e
5 + ie8; !34 = e
6 + ie7:
In general, we have that de4; de6; de7; de8 ∈	2n∗ can be expressed in terms of the basis
{ei∧ej: 16 i¡ j6 8} in lexicographic order, with coeMcients bi; ki; gi; hi, i=1; : : : ; 28,
respectively. Using the integrability of J1, J2 and J3 and (4) one computes
de4 = b1(e1 ∧ e2 − e3 ∧ e4) + b2(e1 ∧ e3 + e2 ∧ e4) + b3(e1 ∧ e4 − e2 ∧ e3)
+ b4(e1 ∧ e5 + e2 ∧ e6 + e3 ∧ e7 + e4 ∧ e8)
+ b5(e1 ∧ e6 − e2 ∧ e5 − e3 ∧ e8 + e4 ∧ e7)
+ b6(e1 ∧ e7 + e2 ∧ e8 − e3 ∧ e5 − e4 ∧ e6)
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+ b7(e1 ∧ e8 − e2 ∧ e7 + e3 ∧ e6 − e4 ∧ e5)
+ b25(e5 ∧ e8 − e6 ∧ e7) + b24(e5 ∧ e7 + e6 ∧ e8) + b23(e5 ∧ e6 − e7 ∧ e8);
de5 = a1e1 ∧ e2 + a2e1 ∧ e3 + a8e2 ∧ e3;
de6 = k1e1 ∧ e2 + k14e3 ∧ e4 + (k9 − a8)e1 ∧ e3 + k9e2 ∧ e4
+ (a2 − k8)e1 ∧ e4 + k8e2 ∧ e3 + (g19 + k22 + g7)(e1 ∧ e5 + e2 ∧ e6)
+ k22(e3 ∧ e7 + e4 ∧ e8) + k10(−e1 ∧ e6 + e2 ∧ e5)
+(−g15+k10+g20)(e3∧e8−e4∧e7)+(−g5−k15−g10)(e1∧e7+e2∧e8)
+ k15(e3 ∧ e5 + e4 ∧ e6) + k7(e1 ∧ e8 − e2 ∧ e7)
+ (g4 + k7 − g11)(e3 ∧ e6 − e4 ∧ e5) + (−g27 + g24 − k28)e5 ∧ e6
+ k28e7 ∧ e8 + k27(e5 ∧ e7 + e6 ∧ e8) + k25(e5 ∧ e8 − e6 ∧ e7);
de7 = (−g14 + a8)e1 ∧ e2 + g14e3 ∧ e4 + g2e1 ∧ e3 + (−k1 − k14 + g2)e2 ∧ e4
+ g3e1 ∧ e4 + (−a1 − g3)e2 ∧ e3 + g4(e1 ∧ e5 + e3 ∧ e7)
+ g11(e2 ∧ e6 + e4 ∧ e8) + g5(e1 ∧ e6 − e3 ∧ e8)
+ g10(e2 ∧ e5 − e4 ∧ e7) + g15(−e1 ∧ e7 + e3 ∧ e5)
+ g20(−e2 ∧ e8 + e4 ∧ e6)g7(e1 ∧ e8 + e3 ∧ e6)
+ g19(e2 ∧ e7 + e4 ∧ e5) + g23(e5 ∧ e6 − e7 ∧ e8)
+ g24e5 ∧ e7 + g27e6 ∧ e8 + g26(−e5 ∧ e8 + e6 ∧ e7);
de8 = h1e1 ∧ e2 + (−a2 − h1)e3 ∧ e4 + h2e1 ∧ e3 + (h2 − a1)e2 ∧ e4
+ h3e1 ∧ e4 + (k1 + k14 − h3)e2 ∧ e3
+ (h17 − g5 − g10)(e1 ∧ e5 + e4 ∧ e8) + h17(e2 ∧ e6 + e3 ∧ e7)
+ (−h18 − g11 + g4)(e1 ∧ e6 + e4 ∧ e7) + h18(e3 ∧ e8 + e2 ∧ e5)
+ (−h15 − g19 − g7)(e1 ∧ e7 − e4 ∧ e6) + h15(e3 ∧ e5 − e2 ∧ e8)
+ (−h12 + g20 − g15)(e1 ∧ e8 − e4 ∧ e5) + h12(e2 ∧ e7 − e3 ∧ e6)
+ h23(e5 ∧ e6 − e7 ∧ e8) + h27(e5 ∧ e7 + e6 ∧ e8)
+ h25e5 ∧ e8 + (−g27 + g24 − h25)e6 ∧ e7:
Since n is nilpotent, there exists !∈ n∗, linearly independent with e1; e2; e3; e5 and such
that d!∈	2〈e1; e2; e3; e5〉 (see (1)). We may assume !=m1e4 +m2e6 +m3e7 +m4e8
with some mi = 0, 16 i6 4.
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When expanding d! in terms of the basis, the coeMcients of ei∧ej (i=1; : : : ; 8; j=
6; 7; 8) and of e4 ∧ e5 are zero and one shows that the homogeneous system of 19
equations in the unknowns m1; m2; m3; m4 has the following associated matrix of coef-
<cients

b4 g19 + k22 + g7 g11 h17
0 g19 + g7 g11 − g4 0
0 g19 + g7 0 g5 + g10
b5 −k10 g5 −h18 − g11 + g4
0 −g15 + g20 0 −g11 + g4
0 g20 − g15 g5 + g10 0
b6 −g5 − k15 − g10 −g15 −h15 − g19 − g7
0 0 g20 − g15 g19 − g7
0 −g5 − g10 g20 − g15 0
b7 k7 g7 −h12 + g20 − g15
0 0 g19 + g7 g20 − g15
0 −g4 + g11 0 g20 − g15
0 −g4 + g11 g7 + g19 0
b25 k25 −g26 h25
0 0 0 −g27 + g24
b24 k27 g24 h27
0 0 g24 − g27 0
b23 −g27 + g24 − k28 g23 h23
0 −g27 + g24 0 0


:
Note that bi = 0, for at least one of i = 4; 5; 6; 7; 23; 24; 25. Otherwise, we have that
de4 = b1(e1 ∧ e2 − e3 ∧ e4) + b2(e1 ∧ e3 + e2 ∧ e4) + b3(e1 ∧ e4 − e2 ∧ e3);
and then, by using the condition d2e4=0, we get that b1=b2=b3=0, contradicting the
assumption de4 = 0. Since the rank of the above matrix must be less than 4 (otherwise
m1 =m2 =m3 =m4 = 0) all the 4× 4 minors of the matrix have determinant equal to
zero. We obtain in particular
g19 =−g7; g11 = g4; g20 = g15; g10 =−g5; g27 = g24:
Considering {ei}, the dual basis of {ei}, the following bracket relations hold
[e1; e5] = [e2; e6] = [e3; e7] = [e4; e8];
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[e1; e6] =−[e2; e5] =−[e3; e8] = [e4; e7];
[e1; e7] = [e2; e8] =−[e3; e5] =−[e4; e6];
[e1; e8] =−[e2; e7] = [e3; e6] =−[e4; e5];
[e5; e8] =−[e6; e7]; [e5; e7] = [e6; e8]; [e5; e6] =−[e7; e8]
giving
[X; Y ] = [JiX; JiY ]; (6)
for any X ∈ span{e5; e6; e7; e8}, Y ∈ n and any i = 1; 2; 3.
We show next that an eight-dimensional nilpotent Lie algebra where the bracket
relations obtained up to this point hold must be 2-step nilpotent contradicting the
assumption.
We observe <rst that since n1 ⊆ span{e4; e5; e6; e7; e8} and (6) holds, one has [X; Y ]=
[JiX; JiY ] or equivalently [JiX; Y ] = −[X; JiY ], for any X; Y ∈ n1 and i = 1; 2; 3. As a
consequence, the inclusion n2Q ⊂ n is proper, since otherwise, n2Q = n implies
n2 = [n2 + J1n2 + J2n2 + J3n2; n1] ⊆ n3
which is a contradiction.
Since n2 = 0 we may take Z ∈ n2∩ z, Z = 0 and obtain n2Q=span{Z; J1Z; J2Z; J3Z}=
WZ . Moreover, since e4 ∈ n2 (we recall that by assumption e4 is not in V2) one also
has n2Q = span{e1; e2; e3; e4}. Hence
n= span{Z; J1Z; J2Z; J3Z; e5; e6; e7; e8}:
From (6) it follows that [X; Y ]=0, for any X ∈WZ; Y ∈ span{e5; e6; e7; e8}. In particular,
if [WZ;WZ ] = 0, then WZ ⊂ z. Hence n=WZ is a 4-dimensional nilpotent hypercomplex
Lie algebra and then it is abelian. This implies that n is 2-step nilpotent.
Hence we must now exclude the cases when WZ is a subalgebra of n since, being
hypercomplex and four-dimensional it must be abelian. Furthermore, it is not hard to
verify that WZ is a subalgebra when dim n2¿ 1 so it remains to consider only the case
when dim n2 = 1.
Under this last assumption the only non zero brackets are
[ei; ej]; [J1Z; J2Z]; [J1Z; J3Z]; [J2Z; J3Z];
for any i; j = 5; 6; 7; 8. Since e6; e7; e8 ∈ n1 and dim n2 = 1 one has [ei; ej]∈ span{Z}.
Then Proposition 1.1 implies
n1 = span{Z; [J1Z; J2Z]; [J1Z; J3Z]; [J2Z; J3Z]}:
Using the Jacobi identity and the fact that [X; Y ]=0, for any X ∈WZ; Y ∈ span{e5; e6; e7;
e8} we obtain [n1; ei] = 0, for any i = 5; 6; 7; 8. Moreover, using (6) we have that
[n1; WZ ] = 0, hence n1 ⊂ z, thus n is 2-step nilpotent.
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3. Classi cation
According to the results in the previous sections one has
Proposition 3.1. Consider a nilpotent Lie algebra n of real dimension 8 having a
hypercomplex structure.
(i) The Lie algebra n is 2-step nilpotent, whence in particular
b1(n) = dimR(n=[n; n])¿ 4:
(ii) There is a closed 1-form e1 =  such that e2 = J1; e3 = J2; e4 = J3 are closed
as well.
Let e5 be linearly independent with e1; e2; e3; e4 and de5 ∈	2{e1; e2; e3; e4} satisfying
de5 = 0, if dim V1 = 4 and de5 = 0 if dim V1¿ 5. We can choose
{e1; e2; e3; e4; e5; e6 = J1e5; e7 = J2e5; e8 = J3e5}
as a basis of n∗. If {ei} denotes the dual basis of {ei}; Proposition 2.1 implies
n1 ⊂ span{e5; e6; e7; e8} ⊂ z:
In particular, by the characterization of elements in the center in terms of left invariant
diFerential forms (see Subsection 1.1),
de5; de6; de7; de8 ∈	2{e1; e2; e3; e4}:
We can consider as a basis of (1; 0)-forms with respect to J1; J2 and J3 respectively,
the following
!11 = e
1 + ie2; !12 = e
3 + ie4; !13 = e
5 + ie6; !14 = e
7 + ie8;
!21 = e
1 + ie3; !22 = e
2 − ie4; !23 = e5 + ie7; !24 = e6 − ie8;
!31 = e
1 + ie4; !32 = e
2 + ie3; !33 = e
5 + ie8; !34 = e
6 + ie7:
Using the integrability of J1; J2 and J3 and (4) one shows that
de5 = a1e1 ∧ e2 + a2e1 ∧ e3 + a3e1 ∧ e4 + (−a3 + t3)e2 ∧ e3
+ (a2 − t2)e2 ∧ e4 + (−a1 + t1)e3 ∧ e4;
de6 = b1e1 ∧ e2 + b2e1 ∧ e3 + b3e1 ∧ e4 + (−b3 + t2)e2 ∧ e3
+ (b2 + t3)e2 ∧ e4 + (−b1 + t4)e3 ∧ e4
de7 = c1e1 ∧ e2 + c2e1 ∧ e3 + c3e1 ∧ e4 + (−c3 − t1)e2 ∧ e3
+ (c2 − t4)e2 ∧ e4 + (−c1 + t3)e3 ∧ e4;
de8 = d1e1 ∧ e2 + d2e1 ∧ e3 + d3e1 ∧ e4 + (−d3 + t4)e2 ∧ e3
+ (d2 − t1)e2 ∧ e4 + (−d1 − t2)e3 ∧ e4:
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Let D = span{e1; e2; e3; e4}. We next consider the decomposition
	2D = 	2− ⊕ 	2+;
where 	2− is spanned by
-−1 = e
1 ∧ e2 − e3 ∧ e4; -−2 = e1 ∧ e3 + e2 ∧ e4; -−3 = e1 ∧ e4 − e2 ∧ e3;
and 	2+ is spanned by
-+1 = e
1 ∧ e2 + e3 ∧ e4; -+2 = e1 ∧ e3 − e2 ∧ e4; -+3 = e1 ∧ e4 + e2 ∧ e3:
The above basis diagonalizes the bilinear form . on 	2D de<ned by - ∧ =.(-; )v;
with v = e1 ∧ e2 ∧ e3 ∧ e4. With respect to this new basis of 	2D, the hypercomplex
eight-dimensional nilpotent Lie algebras are described by
dei = 0; i = 1; : : : ; 4;
de5 = (a1 − t12 )-−1 + (a2 − t22 ) -−2 + (a3 − t32 ) -−3 + t12 -+1 + t22 -+2 + t32 -+3 ;
de6 = (b1 − t42 )-−1 + (b2 + t32 )-−2 + (b3 − t22 )-−3 + t42 -+1 − t32 -+2 + t22 -+3 ;
de7 = (c1 − t32 )-−1 + (c2 − t42 )-−2 + (c3 + t12 )-−3 + t32 -+1 + t42 -+2 − t12 -+3 ;
de8 = (d1 + t22 )-
−
1 + (d2 − t12 )-−2 + (d3 − t42 )-−3 − t22 -+1 + t12 -+2 + t42 -+3 ;
or equivalently by dei = 0, i = 1; : : : ; 4 together with the real matrix

a1 − t12 b1 − t42 c1 − t32 d1 + t22
a2 − t22 b2 + t32 c2 − t42 d2 − t12
a3 − t32 b3 − t22 c3 + t12 d3 − t42
t1
2
t4
2
t3
2 − t22
t2
2 − t32 t42 t12
t3
2
t2
2 − t12 t42


:
If dim V1 = 4 the above matrix has rank 4. In particular t21 + t
2
2 + t
2
3 + t
2
4 = 0: The
following algebras in this class carry hypercomplex structures:
dei = 0; 16 i6 4; de5 =−-−1 + -+1 ; de6 = -−3 ; de7 =−-+3 ;
de8 =−-−2 + -+2 :
dei = 0; 16 i6 4; de5 = -+2 ; de
6 = -+3 ; de
7 = -−2 ; de
8 =−-+1 :
dei = 0; 16 i6 4; de5 =−-−1 + -+1 ; de6 = -−3 ; de7 =−-+3 ; de8 = -+2 :
According to [6] there are four isomorphism classes of 2-step nilpotent Lie algebras
of dimension 6 with b1(n)=4, which by duality give four isomorphism classes of 2-step
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nilpotent Lie algebras of dimension 8 with b1(n) = 4. We mention that the second
Lie algebra in the above list can be constructed from the standard representation of
U (2) on C2. Moreover, this algebra is dual to the complex Heisenberg Lie algebra of
dimension 3, also known as Iwasawa Lie algebra.
If dim V1¿ 5 we may choose e5 to be a closed 1-form. Using the previous compu-
tations we obtain the following Lie algebras:
dei = 0; 16 i6 5
de6 = (b1 − t2 )-−1 + b2-−2 + b3-−3 + t2 -+1 ;
de7 = c1-−1 + (c2 − t2 )-−2 + c3-−3 + t2 -+2 ;
de8 = d1-−1 + d2-
−
2 + (d3 − t2 ) -−3 + t2 -+3 ;
with rank of

b1 − t2 c1 d1
b2 c2 − t2 d2
b3 c3 d3 − t2
t 0 0
0 t 0
0 0 t


;
equal to 3; 2; 1 or 0 depending on dimension of V1 being 5; 6; 7 or 8 respectively.
Note that t = 0 implies dim V1 =5. Among the hypercomplex nilpotent Lie algebras
of dimension 8 with b1(n) = 5 we have
dei = 0; 16 i6 5; de6 = -+1 ; de
7 = -+2 ; de
8 = -+3 ;
dei = 0; 16 i6 5; de6 = -−1 + -
+
1 ; de
7 = -−2 + -
+
2 ; de
8 = -−3 + -
+
3 ;
dei = 0; 16 i6 5; de6 = -−1 + -
+
1 ; de
7 = -−2 + -
+
2 ; de
8 =−-−3 + -+3 ;
dei = 0; 16 i6 5; de6 = -+1 ; de
7 = -−2 + -
+
2 ; de
8 = -−3 + -
+
3 ;
dei = 0; 16 i6 5; de6 = -+1 ; de
7 = -+2 ; de
8 = -−3 + -
+
3 :
We note that the third algebra in this list has a <ve-dimensional center, showing that
a hypercomplex structure does not preserve the center in general.
If t = 0 one has d(ej)∈	1;1n∗, j = 1; : : : ; 8 hence the hypercomplex structure is
abelian. In particular, if b1(n) = 6; 7 or 8 then t must be 0 and the hypercomplex
structures are abelian. If t = 0 and b1(n) = 5 the matrix

b1 c1 d1
b2 c2 d2
b3 c3 d3


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must be nonsingular and the algebra obtained is n3 (see [4]) with structure constants
dei = 0; 16 i6 5; de6 = -−1 ; de
7 = -−2 ; de
8 = -−3 :
We note that this algebra is isomorphic to the <rst one in the previous list but the
hypercomplex structures are diFerent, one is abelian and the other is not.
As mentioned earlier if dim V1 = 6; 7 then the hypercomplex structure is abelian and
the Lie algebras which may occur are n2 and n1, respectively, studied in [4]. Their
description is the following:
n2: dei = 0; 16 i6 6; de7 = -−2 ; de
8 = -−3 ;
n1: dei = 0; 16 i6 7; de8 = -−3 :
Finally, if dim V1 = 8, then n is abelian.
Remark. As proved in [4] n1, n2 and n3 are the only non abelian nilpotent Lie algebras
of dimension 8 carrying an abelian hypercomplex structure. Examples in any dimension
4k of 2-step nilpotent Lie algebras with an abelian hypercomplex structure were given
in [5,3].
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